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Abstract 

Campedelli surfaces are regular surfaces of general type with pg = 0. They specialize 
to double covers of Barlow surfaces. We prove that the CHo group of a Campedelli 
surface is equal to Z, which implies the same result for the Barlow surfaces. 

Introduction 

In this paper, we establish an improved version of the main theorem of [27j and use it in 
order to prove the Bloch conjecture for Campedelli surfaces. We will also give a conditional 
application (more precisely, assuming the variational Hodge conjecture) of the same method 
to the Chow motive of low degree K?) surfaces. 

Bloch's conjecture for 0-cyclcs on surfaces states the following: 

Conjecture 0.1. (cf. ^) Let V G CH^{Y x X), where Y is smooth projective and X is a 
smooth projective surface. Assume that [T]* : H'^''^{X) — > vanishes. Then 

r, : CHo{Y)aib ^ CHo{X) 

alb 

vanishes. 

Here [F] e H^{X x A, Q) is the cohomology class of F and 

CHo{Y)alb KGv{CHo{Y)horn Alb{Y)). 

Particular cases concern the case where F is the diagonal of a surface X with q — pg ~ {). 
Then F* = ^dcHaixjaw ^^^^ conjecture predicts CHo{X)aib = 0. This statement 
is known to hold for surfaces which are not of general type by [9], and for surfaces of 
general type, it is known to hold by Kimura |17j if the surface X is furthermore rationally 
dominated by a product of curves (cf. [5] for many such examples). Furthermore, for several 
other families of surfaces of general type with q = = 0, it is known to hold either for the 
general member of the family (eg. the Godeaux surfaces, cf. [28]), or for specific members 
of the family (for example the Barlow surface [4|). 

A slightly more general situation concerns surfaces equipped with the action of a finite 
group G. This has been considered in the paper [27], where the following theorem concerning 
group actions on complete intersection surfaces is proved: Let A be a smooth projective 
variety with trivial Chow groups (i.e. the cycle class map CHi{X)Q i?^"~^'(A, Q), n = 
dim A is injective for all i). Let G be a finite group acting on A and let ii^ be a G-equivariant 
rank n — 2 vector bundle on A which has "enough" G-invariant sections (for example, if the 
group action is trivial, one asks that E is very ample). Let tt G Q[G] be a projector. Then tt 
gives a self-correspondence F'^ with Q-coefficients (which is a projector) of the G-invariant 
surfaces S = V{a), a G H°{X,E)^ (cf. Section[T]). We use the notation 

i?2'0(5')^ := Im ([F^* : H^-°{S) iJ^^^S*)), 
CHq(S)q ,^^^ Im([F'^]* : CHo{S)Q,hom CHo{S)q^kom))- 
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Theorem 0.2. Assume that the smooth surfaces S = V{(t), a G H°{E)^, satisfy H'^ °{SY = 
0. Then we have CHo{S)q = 0. 

Note that the Bloch conjecture for finite group actions on surfaces which do not fit at 
aU in the above geometric setting, namely finite order symplectic automorphisms of K3 
surfaces, has been recently proved in [TS] and [30] by completely different methods. For 
these symplectic automorphisms, one considers the cycle Ax — j^y X^geG ^'^^P^-'?' which 
acts as the identity minus the projector onto the G-invariant part, and one proves that it 
acts as on CHQ{X)hom (in fact on the whole of CHq) according to Conjecture 10.11 

Theorem l0.2l is rather restrictive geometrically, due to the fact that not only we consider 
0-sets of sections of a vector bundle, but also we impose this very ampleness assumption on 
the vector bundle. Our first result in this paper is a relaxed version of this theorem, which 
works in a much more general geometric context and will be applicable in particular to the 
case of CampedcUi surfaces. 

Let 5 — > -B be a smooth projective morphism with two dimensional connected fibers, 
where B is quasi-projective. Let F S CH^{S Xb S)q be a relative 0-self correspondence. 
Let Ft := F|5jx5t be the restricted cycle, with cohomology class [Ft] € H^{St x 5f,Q). We 
have the actions 

Ft, : CH„{Sth ^ CHoiSt)Q, [Ft]* : W'°{St) ^ i?*'"(5t). 

Theorem 0.3. Assume the following: 

(1) The fibers St satisfy h^'°{St) = and [Ft]* : H^'"iSt) H^'°{St) is e qual to z ero. 

(2) A smooth projective (equivalently any smooth projective) completion S Xb S of the 
fibered self-product S x b S is rationally connected. 

Then Ft* : CHo{St)hom CHa{St)hom is nilpotent for any t e B. 

This statement is both weaker and stronger than Theorem 10.21 since on the one hand, 
the conclusion only states the nilpotence of Ft*, and not its vanishing, while on the other 
hand the geometric context is much more flexible and the assumption on the total space of 
the family is much weaker. 

In fact the nilpotence property is sufficient to imply the vanishing in a number of situa- 
tions which we describe below. The first situation is the case where we consider a family of 
surfaces with = /t,^'" = 0. Then we get the following consequence (the Bloch conjecture 
for surfaces with q = pg = under assumption (2) below): 

Corollary 0.4. LetS B be a smooth projective morphism with two dimensional connected 
fibers, where B is quasi-projective. Assume the following: 

(1) The fibers St satisfy H^'^{St) = H^'°{St) = 0. 

(2) A projective completion (or, equivalently, any projective completion) S XbS of the 
fibered self-product S Xb S is rationally connected. 

Then CHo{St)hom ~ for any t ^ B. 

We refer to Section [l] Theorem 11.61 for a useful variant involving group actions, which 
allows to consider many more situations (cf. [27| and Section [5] for examples). 

Remark 0.5. The proof will show as well that we can replace assumption (2) in these 
statements by the following one: 

(2') A (equivalently any) smooth projective completion S Xb S of the fibered self-product 
S Xb S has trivial CHq group. 

However, it seems more natural to put a geometric assumption on the total space since 
this is in practice much easier to check. 

In the second section of this paper, we will apply these results to prove Bloch's conjecture 
10.11 for Campedelli surfaces (cf. [11], [25], [ID]). Campedelli surfaces can be constructed 
starting from a 5 x 5 symmetric matrix M(a), a G P^^, of linear forms on P'^ satisfying 
certain conditions (cf. (|3|)) making their discriminant invariant under the Godeaux action 
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(|31) of Z/5Z on P^. The general quintic surface V{a) defined by the determinant of M(a) 
has 20 nodes corresponding to the points x G ¥^ where the matrix M{a,x) has rank 3, 
and it admits a double cover S{a) which is etale away from the nodes, and to which the 
Z/5Z-action lifts. Then the Campcdclli surface S(a) is the quotient of S{a) by this lifted 
action. 

Campedelli surfaces have a 4-dimensional moduli space. For our purpose, the geometry 
of the explicit 11-dimensional parameter space described in |25| is in fact more important 
than the structure of the moduli space. 

Theorem 0.6. Let S be a Campedelli surface. Then CHq{S) = Z. 

The starting point of this work was a question asked by the authors of |10| : They needed 
to know that the Bloch conjecture holds for a simply connected surface with pg = (eg a 
Barlow surface [3]) and furthermore, they needed it for a general deformation of this surface. 
The Bloch conjecture was proved by Barlow 0] for some Barlow surfaces admitting an extra 
group action allowing to play on group theoretic arguments as in [TB] , but it was not known 
for the general Barlow surface. 

Theorem lO.GI implies as well the Bloch conjecture for the Barlow surfaces since the Barlow 
surfaces can be constructed as quotients of certain Campedelli surfaces admitting an extra 
involution, namely the determinantal equation defining V{a) has to be invariant under the 
action of the dihedral group of order 10 (cf. [IS]). The Campedelli surfaces appearing in this 
construction of Barlow surfaces have only a 2-dimensional moduli space. It is interesting 
to note that we get the Bloch conjecture for the general Barlow surface via the Bloch 
conjecture for the general Campedelli surface, but that our strategy does not work directly 
for the Barlow surface, which has a too small parameter space (cf. [TT], [H]). 

The third section of this paper applies Theorem 10. 31 to prove a conditional result on the 
Chow motive of K3 surfaces which can be realized as 0-sets of sections of a vector bundle 
on a rationally connected variety (cf. [20], [21]). Recall that the Kuga-Satake construction 
(cf. [IH], [13]) associates to a polarized K3 surface S an abclian variety K{S) with the 
property that the Hodge structure on H'^{S, Q) is a direct summand of the Hodge structure 
of H^{K{S), Q). The Hodge conjecture predicts that the corresponding degree 4 Hodge class 
on 5* X K{S) is algebraic. This is not known in general, but this is established for A'3 surfaces 
with large Picard number (cf. |19| . |23|). The next question concerns the Chow motive (as 
opposed to the numerical motive) of these K3 surfaces. The Kuga-Satake construction 
combined with the Bloch conjecture implies that the Chow motive of a A'3 surface is a 
direct summand of the Chow motive of its Kuga-Satake variety. In this direction, we prove 
the following Theorem 10.71 Let X be a rationally connected variety of dimension n and let 
E ^ X he a. rank n — 2 globally generated vector bundle satisfying the following properties: 

(i) The restriction map H'^{X, E) — > H^{z, E\^) is surjective for general z = {x, y} C X. 

(ii) The general section a vanishing at two general points x, y determines a smooth 
surface V{(j). 

Wc consider the case where the surfaces S = V{a) are algebraic Ki surfaces. For 
example, this is the case if deti? = —Kx: and the surfaces S = V{a) for general a S 
H^{X,E) have irregularity 0. Almost all general algebraic /v3 surfaces of genus < 20 have 
been described this way by Mukai (cf. [20], [21]), where X is a homogeneous variety with 
Picard number 1. Many more examples can be constructed starting from an X with Picard 
number > 2. 

Theorem 0.7. Assume the variational Hodge conjecture in degree 4. Then the Chow motive 
of a K3 surface S as above is a direct summand of the Chow motive of an abclian variety. 

Remark 0.8. The variational Hodge conjecture for degree 4 Hodge classes is implied by 
the Lefschetz standard conjecture in degrees 2 and 4. It is used here only to conclude that 
the Kuga-Satake correspondence is algebraic for any S as above. Hence we could replace 
the variational Hodge conjecture by the Lefschetz standard conjecture or by the assumption 
that the cohomological motive of a general KZ surfaces S in our family is a direct summand 
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of the cohomological motive of an abelian variety. The contents of the theorem is that we 
then have the same result for the Chow motive. 

As a consequence of this result, we get the following (conditional) corollaries. 

Corollary 0.9. With the same assumptions as in Theorem \ 0.7\ let S be a member of 
the family of K3 surfaces parameterized by P(H^{X, E)), and let T G CH^{S x S) be a 
correspondence such that [T]* : H'^''^{S) — H'^''^{S) is zero. Then : CHo{S)hom 
CHo{S)hom is nilpotent. 

Remark 0.10. Note that there is a crucial difference between Theorem 10.31 and Corollary 
10.91 In CoroUarv 10.91 the cycle F is not supposed to exist on the general deformation St of 
S. (Note also that the result in Corollarv l0.9l is only conditional since we need the Lefschetz 
standard conjecture, or at least to know that the Kuga-Satake correspondence is algebraic 
for general St, while Theorem 10.31 is unconditional!) 

Corollary 0.11. With the same assumptions as in Theorem \ U. T\ the transcendental part of 
the Chow motive of any member of the family of K3 surfaces parameterized by ¥(H'^(X, E)) 
is indecomposable, that is, any submotive of it is either the whole motive or the 0-motive. 

Thanks. I thank Christian Bohning, Hans- Christian Graf von Bothmer, Ludmil Katzarkov 
and Pavel Sosna for asking me the question whether general Barlow surfaces satisfy the Bloch 
conjecture, and for providing references on Barlow versus Campcdelli surfaces. 

1 Proof of Theorem 10.31 and some consequences 

This section is devoted to the proof of Theorem 10.31 and its consequences (Corollarv 10.41 or 
its more general form Theorem ll.6p . 

The proof will follow essentially the idea of [37] . The main novelty in the proof lies in the 
use of Proposition 11.31 For completeness, we also outline the arguments of [27], restricted 
to the surface case. 

Consider the codimension 2-cycle 

F G CH^{SxbS)q. 

Assumption (1) tells us that the restricted cycle Fj := Fi^^xSt cohomologous to the 
sum of a cycle supported on a product of (nonnecessarily irreducible curves) in St and of 
cycles pulled-back from CHo{St) via the two projections. We deduce from this (cf. [57] 
Prop. 2.7]): 

Lemma 1.1. There exist a codimension 1 closed algebraic subset C C S, a codimension 2 
cycle Z on S X B S with Q- coefficients supported on C Xg C, and two codimension 2 cycles 
Zi, Zi with Q- coefficients on S, such that the cycle 

- Z -piZi -P2Z2 

has its restriction to each fiber St x St cohomologous to 0, where pi, P2 '■ S x b S ^ S are 
the two projections. 

This lemma is one of the key observations in [27]. The existence of the data above is 
rather clear after a generically finite base change B' ^ B because it is true fiberwise. The 
key point is that, working with cycles with (Q-cocfficients, we can descend to B and hence, 
do not need in fact this base change which would ruin assumption (2). 

The next step consists in passing from the fiberwise cohomological equality 

[F-Z-pJZi-p*Z2]|5,x5. =Oin H\StxSt,m 
to the following global vanishing: 
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Lemma 1.2. (cf. \2'T\ Lemma 2.12]) There exist codimension 2 algebraic cycles Z'l, Z2 
with coefficients on S such that 

[r-Z- pIZ[ - plZ'2] = in H'^iS XbS, Q). 

The proof of this lemma consists in the study of the Leray spectral sequence of the 
fibration p : S Xb S B. We know that the class [T — Z — p\Zi — p\Z-:^ vanishes in the 
Leray quotient H°{B, R'^p^Q) of XbS,Q). It follows that it is of the formp^ai +P2a2, 
for some rational cohomology classes ai, 02 on S. One then proves that ai can be chosen 
to be algebraic on S. 

The new part of the argument appears in the following proposition: 

Proposition 1.3. Under assumption (2), the following hold : 

(i) The cycle T — Z — p\Z[ — p^Z!^ is algebraically equivalent to on S x b S . 

(ii) The restriction to the fibers St x St of the codimension 2 cycle Z' = T — Z — 
p\Z[ —P2Z2 is a nilpotent element (with respect to the composition of self-correspondences) 
ofCH^StxSt)Q. 

Proof. We work now with a smooth projective completion S Xb S. Let D := S x b S \ 

S Xb S be the divisor at infinity. Let oA-SxBShea desingularization of D. The 
codimension 2 cycle Z' extends to a cycle Z' over S Xb S. We know from Lemma FOl that 

[Z^] = in H^{S XbS.Q) 

and this implies by [31] Prop. 3] that there is a degree 2 Hodge class a on D such that 

j^a = [Z'] in H'^iS XbS,Q). 

By the Lefschetz theorem on (1, l)-classes, a is the class of a codimension 1 cycle Z" of D 
and we conclude that 

[Z^ - j^Z"] = in H^{SxbS, Q). 

We use now assumption (2) which says that the variety S Xb S is rationally connected. 
It has then trivial CHq , and so any codimension 2 cycle homologous to on 5 x ^ 5 is 
algebraically equivalent to by the following result to to Bloch and Srinivas: 

Theorem 1.4. JSj] On a smooth projective variety X with CHq{X) supported on a surface, 
homological equivalence and algebraic equivalence coincide for codimension 2 cycles. 

We thus conclude that Z' — f^Z" is algebraically equivalent to on 5 x s 5, hence that 
Z' = [Z' — j*Z")\gxBS is algebraically equivalent to on S Xb S. 

(ii) This is a direct consequence of (i), using the following nilpotence result proved 
independently in and 

Theorem 1.5. On any smooth projective variety, self- correspondences algebraically equiv- 
alent to are nilpotent for the composition of correspondences. 

■ 

Proof of Theorem 10.31 Using the same notations as in the previous steps, we know 
by Proposition 11.31 that under assumptions (1) and (2), the self-correspondence 

rt-Zt-plzlt'P*22!,.t (1) 

on St with Q-coefBcients is nilpotent. In particular, the morphism it induces at the level of 
Chow groups is nilpotent. On the other hand, recall that Zt is supported on a product of 
curves on St, hence acts trivially on CHo{St)iQ. Obviously, both cycles p^Z'^, P2^2,t ^■ct 
trivially on CHo{St)q,hom- Hence the self-correspondence ([T]) acts as Ft* on CHo{St)Q^hom- 
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Let us now turn to our main application, namely Corollary 10.41 or a more general form 
of it which involves a family of surfaces St with an action of a finite group G and a projector 
TT G Q[G]. Writing such a projector as tt = J2geG ^9 ^ ^^'^^ ^ projector provides a 
codimcnsion 2 cycle 

agGraphg G CH^{St x St)Q, (2) 

9 

with actions 

Tr = J2^99* 

9 

on the holomorphic forms of S*, and 

^^0.99* 

9 

on CHQ{St)q. Denote respectively CHo{St)q ,jo„j the image of the projector T^^ acting on 
CHo{St)(2,hom and H'^''^{StY the image of the projector T^* acting on H'^-^{St)- 

Theorem 1.6. Let S ^ B he a smooth projective morphism with two dimensional connected 
fibers, where B is quasi-projective. Let G a finite group acting in a fiberwise way on S and 
let TT G Q[G] be a projector. Assume the following: 

(1) The fibers St satisfy H^'°{St) = and H^^°{StY = 0. 

(2) A smooth projective completion (or, equivalently, any smooth projective completion) 
S Xb S of the fibered self-product S Xb S is rationally connected. 

Then CHo{St)^j,,„, ^OforanyteB. 

Proof. The group G acts fiberwise on S — > _B. Thus we have the universal cycle 

G CH\SxBS)q 

defined as X^gec ^gGraph g, where the graph is taken over B. Since by assumption the action 
of [T^]* on iJ^'°(iSt) is 0, we can apply Theorem 10.31 and conclude that T^^ is nilpotent on 
GHo{St)Q,hom- On the other hand, F^^ is a projector onto CHo{St)qj^o^. The fact that it 
is nilpotent implies thus that it is 0, hence that CHo{St)Q f^^^ = 0. ■ 



2 Campedelli and Godeaux surfaces 

Our main goal in this section is to check the main assumption of Theorem ll.61 namely the 
rational connectedness of the fibered self-product of the universal Campedelli surface, in 
order to prove Theorem 10.61 

We follow [TT|, [5S|. Campedelli surfaces can be described as follows: Consider the 
following symmetric 5x5 matrix 



/ aixi 


020:2 


0.3X3 


04X4 


\ 


02X2 




agX4 





07X1 


03X3 


aeX4 





asxi 


09x2 









010X2 


011X3 


V 


ajXi 


agX2 


011X3 


012x4/ 



depending on 12 parameters ai,...,ai2 and defining a symmetric bilinear (or quadratic) 
form g(o,x) on depending on x G P"^. This is a homogeneous degree 1 matrix in the 
variables xi, . . . ,X4, and the vanishing of its determinant gives a degree 5 surface V{a) in 
with nodes at those points x = (xi,...,X4) where the matrix has rank only 3. We 
will denote by T the vector space generated by oi, . . . ,012 and B C P(T) the open set of 
parameters a satisfying this last condition. 
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The surface V{a) is invariant under the Godeaux action of Z/5Z on P^, given by 



g Xi = C X,, I = 1, 



where g is a generator of Z/5Z and C is a fifth primitive root of unity. This follows either 
from the explicit development of the determinant (see |25) , where one monomial is incorrectly 
written: ? should be X\ X ^ X I) or from the following argument that we will need later 

on: Consider the following linear action of Z/5Z on C^: 



3(2/1, • • ■ , J/5) = (C2/1, C^y2, • ■ • , C^J/s)- 



Then one checks immediately that 



(l{a,x){gy,gy') = Cq{a, gx){y,y'), 



(4) 



(5) 



so that the discriminant of q{a, x), as a function of x, is invariant under the action of g. 

The Campedelli surface S(a) is obtained as follows: there is a natural double cover S{a) 
of V{a), which is etale away from the nodes, and parameterizes the rulings in the rank four 
quadric Q{a,x) defined by q{a,x) for x G Via)- This double cover is naturally equipped 
with a lift of the Z/5Z-action on V{a), which is explicitly described as follows: Note first of 
all that the quadrics Q{a, x) pass through the point yo = (0, 0, 1, 0, 0) of P^. 

Lemma 2.1. For the general point {a,x) G P(T) x such that x G Via), the quadric 
Q{a,x) is not singular at the point j/q- 

Proof. It suffices to exhibit one pair (a, x) satisfying this condition, and such that the 
surface V{a) is well-defined, that is the discriminant of q{a,x), seen as a function of x, is 
not identically 0. Indeed, the family of surfaces V{a) is fiat over the base near such a point, 
and the result for the generic pair (a, x) will then follow because the considered property is 
open on the total space of this family. 

We choose (a,x) in such a way that the first column of the matrix ([3]) is 0, so that 
X G V{a). For example, we impose the conditions: 

fli = 0, 02 = 0, 2:3 = 0, X4 = 0. 



Then the quadratic form q{a, x) has for matrix 



/O 









asxi 



asxi aioX2 



\0 a-jxi agX2 







\ 

agX2 



/ 



It is clear that yo is not a singular point of the corresponding quadric if asxi ^ 0. On the 
other hand, for a satisfying oi = 0, 02 = 0, and for a general point x = {xi, . . . ,X4), the 
matrix of q{a, x) takes the form 






a3X3 

04X4 






05X3 
aQX4 


07X1 



03X3 
06X4 


asxi 

agX2 



04X4 


asxi 
aioX2 
aiixs 



\ 

ajxi 

09X2 
aiixs 
012X4. J 



It is elementary to check that this matrix is gcnerically of maximal rank. ■ 

It follows from this lemma that for generic a and generic x G V{a), the two rulings of 
Q{a,x) correspond bijectively to the two planes through yo contained in Q{a,x). Hence 
for generic a, the surface S{a) is birationally equivalent to the surface S'{a) parameterizing 
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planes passing through uq and contained in Q{a,x) for some a; G (which hes then neces- 
sarily in V{a)). It follows from formula (O that S'{a), which is a surface contained in the 
Grassmannian Gq of planes in passing through i/q, is invariant under the Z/5Z- action on 
Go induced by (|1]). Hence there is a canonical Z/5Z- action on S'{a) which is compatible 
with the Z/5Z-action on V{a), and this immediately implies that the latter lifts to an action 
on the surface S{a) for any a <E B. 

The CampcdcUi surface is defined as the quotient of S{a) by Z/5Z. In the following, we 
are going to apply Theorem 11.61 and will thus work with the universal family 5 — >■ i? of 
double covers, with its Z/5Z-action defined above, where B C P^^ is the Zariski open set 
parameterizing smooth surfaces S{a). 

We prove now; 

Proposition 2.2. The universal family S ^ B has the property that the fihered self-product 
S Xb S has a rationally connected smooth projective compactification. 

Proof. By the description given above, the family S ^ B oi surfaces S{a), a G B, maps 
birationally to an irreducible component of the following variety 

W = {{a,x, [P]) e P(r) X p3 X Go, q{a,x)\p = 0}, (6) 

by the rational map which to a general point {a,x),x £ V{a) and a choice of ruling in the 
quadric Q(a,x) associates the unique plane P passing through yo: contained in Q{a,x) and 
belonging to the chosen ruling. It follows that S Xb S maps birationally by the same map 
(which we will call VP) onto an irreducible component W2 of the following variety 

W2 := {(a,x,y, [P], [P']) G P(T) x P^ x P^ x Go x Go, g(a,x)|p = 0, q{a,y)\p, = 0}. (7) 

Let £ be the vector bundle of rank 5 on Gq whose fiber at a point [P] parameterizing a plane 
P C P^ passing through yo is the space 

H"{P,Op{2)®Iy,). 

The family of quadrics q{a, x) on P"^ provides a 12 dimensional linear space T of sections of 
the bundle 

To :=pr*Op3(l) ® pr^S ® pr^Opsil) ^ pr^S 

on 

Yo :=P^ X P3 X Go X Go, 

where as usual the pr^'s denote the various projections from Yo to its factors. For a point 
a G T, the corresponding section of To is equal to {q{a,x)^p,q{a,x')\p') at the point 
{x,x', [P], [P']) of Yo- Formula ^ tells us that W2 is the zero set of the corresponding 
universal section of the bundle 

pr[*Or(T)W ®pr'2*TQ 

on P(r) X Yo, where the pr'^ are now the two natural projections from P(r) x Yq to its 
summands. Note that W2 has dimension 15, hence has the expected codimension 10, since 
dimP(T) X Fo = 25. 

There is now a subtlety in our situation: It is not hard to see that T generates generically 
the bundle Tq on Yq- Hence there is a "main" component of W2 which is also of dimension 
15, and is generically fibered into P^'s over Iq- This component is not equal to W2 for 
the following reason: If one takes two general planes P, P' through j/o, and two general 
points X, x' G P'^, the conditions that q{a,x) vanishes identically on P and q{a,x') vanishes 
identically on P' implies that the third column of the matrix M(a) is identically 0, hence 
that the point yo generates in fact the kernel of both matrices M{a,x) and M{a,x'). On 
the other hand, by construction of the map generically along Im\I' C W2 ; the point yo 
is a smooth point of the quadrics Q{a,x) and Q{a,x'). 

The following lemma describes the component W2 . 
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Lemma 2.3. Let <^ -.W^ ^Yo = X P'^ X Go X Go be the restriction to of the second 
projection P(r) x ^o- 

(i) The image Im$ is a hypersurface V which admits a rationally connected desingular- 
ization. 

(ii) The generic rank of the evaluation map restricted to T>: 

T®Ov^J'o\T> 

is 9. (Note that the generic rank of the evaluation map T ® Oyo ^ J'o is 10. J 

Proof. We already mentioned that the map $ o vj/ cannot be dominating. Let us explain 
more precisely why, as this will provide the equation for T>: Let [P], [P'] G Go and x, x' G P^. 
The condition that {x, x',P, P') G ^{W^) = Im ($ o is that for some a G P(V^), 

q{a,x)\p = q{a,x')\p' =Q (8) 

and furthermore that j/o is a smooth point of both quadrics Q{a,x) and Q(a,x'). 

Let e, / G P be vectors such that yo: e, / form a basis of P, and choose similarly e', /' G P' 
in order to get a basis of P'. Then among equations (j8]), we get 

q{a, x){ya,e) = 0, q{a, x){yo,f) ^ 0, q{a, x'){yo, x'){yo, e') 0, q{a, x'){yo, /') = 0. (9) 

For fixed P, P', x, x' , these equations are linear forms in the variables as, og, as, ag and it 
is not hard to see that they are linearly independent for a generic choice of P, P', x, x' , so 
that ^ implies that as = ag = ag = ag = 0. But then, looking at the matrix M{a) of 
(|3|) we see that i/o is in the kernel of Q(a, x) and Q{a, x'). As already mentioned, the latter 
does not happen generically along Im^*, and we deduce that Im ($ o 'I') is contained in the 
hypersurface V where the four linear forms ^ in the four variables as, ag, ag, ag are not 
independent. 

We claim that T> is rationally connected. To see this we first prove that it is irreducible, 
which is done by restricting the equation f of T> (which is the determinant of the (4 x 4) 
matrix whose columns are the linear forms ([9|) written in the basis as, ag, ag, ag), to a 
subvariety Z of Fg of the form Z = P^ x P^ x G x G' C Fq, where G, G' are curves in Gq. 

Consider the following 1 dimensional families G = P^ , G' = P^ of planes passing through 

2/0 : 

Pt =< ei, Ae2 + ^64, es >, t (A, ^) G P^ = G, 

P;, 65, A'e2 + Ai'e4, es >, t' = (A', /i') G P^ = G'. 

The equations ^ restricted to the parameters t, t', cc, x' give the following four combinations 
of as, ag, ag, ag depending on A, 

as^s, Aa6a;4 + /iagXi, aga;2, X' aQx'/^-\- ^' as,x'i. 
Taking the determinant of this family gives 

f\Z = X^x'2{\^Ji' X4^x'i — \' ^x'^Xi). 

The hypersurface in Z = P3 x P3 X C X C' defined by f\z has three irreducible components, 
which belong respectively to the linear systems 

\prlOp.{l)\, \pr;Ops{l)\, KOp3(l) ®pr;Or4l) ®pr*Opi(l) ®pr:Op3(l)|, 

where the pr^'s are now the projections from Z = P'^ x P'^ x P^ x P^ to its factors. 

As the restriction map from Pic Fg to Pic Z is injective, we see that if V was reducible, 
it would have an irreducible component in one of the linear systems 

\p:op3{i)\, b^op3(i)i, iK0p3(i)®p*op3(i)®p*opi(i) 0^:^3(1)1, 
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where the pi 's are now the projections from Yo = P'^ x x Gq x Go to its factors. In particular, 
its restriction to either any P^ x {x'} x {[P]} x {[P']} or any {x} x P^ x {[P]} x {[P']} would 
have an irreducible component of degree 1. 

That this is not the case is proved by considering now the case where 

P =<ei+ 62, 64 + 65, 63 >, P' =< 61 + 64, 62 + 65, 63 > . 

Then the four linear forms in © become 

03X3 + 06^4, flgXi + 09X2, 03X3 + agx'j, 06X4 + agx'2. 

It is immediate to check that for generic choice of x', the quadratic equation in x given by 
this determinant has rank at least 4, and in particular is irreducible. Hence the restriction 
of / to P'^ X {x'} X {[P]} X {[P']} has no irreducible component of degree 1, and similarly 
for {x} X P3 X {[P]} X {[P']}. 

Rational connectedness of V now follows from the fact that the projection on the last 
three summands of Yq, restricted to P, 

p:V^Ya^F^ xGqxGo, 

has for general fibers smooth two-dimensional quadrics, as shows the computation we just 
made. Hence V admits a rationally connected smooth projective model, for example by [M]. 

We already proved that Im ($ o Vf) c P. We will now prove that Im ($ o ^) contains 
a Zariski open subset of 2? and also statement ii) . This is done by the following argument 
which involves an explicit computation at a point ao S P(T) where the surface V{a) becomes 
very singular but has enough smooth points to conclude. 

We start from the following specific matrix : 



/xi 





X3 












Xi 










X4 





Xl 











Xi 







Vo 











.T4/ 



(10) 



We compute det Mq = —X4X3X1 — xiX2x\ — X4^X2x\. The surface V{aQ) defined by det 
is rational and smooth at the points 

a: -(1,-^,1,1), a;' = (l,-|2,-l). (11) 

For each of the corresponding planes P and P' contained in Q{aQ, x), Q{aQ,x') respectively 
and passing through yo, we have two choices. We choose the following: 



P :=< yo, 6, / >, 6 = 61 + 62 - 264, / = 62 - 64 + (12) 

4 

P' =< yo, 6', / >, 6' = 461 - 62 - 964, /' = 62 + 64 + -65. 

(We use here the standard basis (61, . . . , 65) of C^, so that yo — 63.) The vector 6 — 63 
(resp. e' — 263) generates the kernel of q{ao,x) (resp. q{ao,x')). As the quadrics q{ao,x) 
and q{ao,x') have rank 3 and the surface V{ao) is smooth at x and x', the points {x, [P]), 
{x',lP']) determine smooth points of the surface S{ao)- Even if the surface S{ao) is not 
smooth, so that oq ^ B, the universal family S ^ B extends to a smooth non proper map 
p : Se ^ Be C P(r) near the points {ao,x, [P]) and {ao,x', [P'])- Furthermore the morphism 
^' is well defined at the points (ao, x, P), (oq, a;', P') since the point yo is not a singular point 
of the quadric Q{ao,x) or Q{ao,x'). 
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We claim that the map 

$ o 4- : 5e X 5e ^ Yo = P'"^ X X Go X Go 
has constant rank 13 near the point 

{iao,x, [P]), iao,x', [P'])) G Se Xb, 5e- 

This imphes that the image of $ o vj; is of dimension 13, which is the dimension of P, so 
that Im (f> o has to contain a Zariski open set of V since V is irreducible. This implies that 
Im $ = I? as desired. 

To prove the claim, we observe that it suffices to show the weaker claim that the rank of 

($o*), :r5,XBe5. ^T^io (13) 

is equal to 13 at the given point {{ao,x, [P]), {ao,x', [P'])). Indeed, as Se x^^ Se is smooth 
at the point {{ao,x, [P]), {ao,x', [P'])), the rank of the differential in can only increase 
in a neighborhood of {{ao,x, [P]), {ao,x', [P'])) and on the other hand, we know that it is 
not of maximal rank at any point of S' Xb' S' , since Im ($ o c T>. Hence it must stay 
constant near {{ao,x, [P]), (ao, x', [-P'])). 

We now compute the rank of (<& o vl*), at the point ((oq, cc, [P]), (oo, x', [P'])). Note 
that the birational map ^' : Se x b^ Se —> W2 is a local isomorphism near the point 
{{ao,x, [P]), {ao,x', [P'])), because it is well defined at this point and its inverse too. This 
argument proves that not only but also W2 is smooth of dimension 15 near the point 
(oo, X, x' , [P], [P'])- Hence it suffices to compute the rank of the differential 

: Tvir2.{ao.x.x',lP].[P']) ^ 7Vo,(2:,2:'JP],[P']) (14) 

of the map ^ : W2 Yq a.t the point {ao,x, x' , [P], [P']). 

Recalling that W2 is defined as the zero set of the universal section (Juniv of the bundle 

M*CP(T)(1) ®M*-^0 

on P(T) X Yq, the tangent space of W2 at the point (oq, a;, x' , [P], [P']) is equal to 

KCT{dauniv ■ Tr(T)Ma ^ TYg^(x,x',[P],[P']) ^a,{x,x',[P],[P']))- 

Clearly the differential duuniv restricted to rp(T),ao induced by the evaluation map 

eV(2:,z:',[P],[P']) : T ^n,(x,x' ,[P],[P']) (15) 

at the point {x,x', [P], [P']) of Yq. On the other hand, the differential dauniv restricted to 
the tangent space TYf^^[x,x' .[p],[P']) is surjective because the variety 5'(ao) x 5'(ao) is smooth 
of codimension 4 and isomorphic via $ to V{auniv{o-o)) near (a;, x' , [P], [P']). It follows from 
this that the corank of the second projection 

: KerdfT„„„, = Tw2,{ao,x,x' ,[P],[P']) C PIp(T),oo © TVo,(s,2:',[P],[P']) ^ TYg^[x,x' ,[P],[P']), 

is equal to the corank of the map duuniv ■ 2p(T).ao ~^ •^o.(a;.a:'.[p],[P']))i that is to the corank 
of the evaluation map ev(^x,x',[p],[P']) of (|15p . 

In particular, the rank of i"* in (|14p is equal to 13 if and only if the rank of the evaluation 
map eVx^x'.[p],[P'] is equal to 9, which is our statement (ii). 

In conclusion, we proved that (i) is implied by (ii) and that (ii) itself implied by (ii) 
at the given point {x,x', [P], [P']) of (|lip . ([T^ . It just remains to prove that the rank of 
6V(a;,a;',[p],[P']) is cqual to 9 at this point, which is done by the explicit computation of the 
rank of the family of linear forms in the given by 

q{a,x){yQ,e), q{a, x){yo, f), q{a,x){e,e), q{a,x){fj), q{a,x){e,f), 
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q{a,x'){yo,e'), q{a, x'){yQ, f), q{a,x'){e',e'), q{a,x')if' J'), q{a, x'){e' , f). 
These forms are the following: 

03 + 06-208, fle - as - - Y^-^flg, ai + 05 - 2aio - 02 - 4a4, 

flio 0-12 /l /l 0,2 /l /l 

a,5 — + 2d --aj - 2W --an, — — -04 + 05 + y -^aj - ow - 2d --an 

8 16 

803 + ae - 9a8, -ae + fl^s — t^^q, 16ai + 2a^ — ISaio + — (22 + 72a4, 

27 9 

2 16 8 16 8 ,^4^^^ 

2a5 - -aio - -^«i2 + gfl? + "^"11' ^g"2 ~ 4a4 - 2a5 - -o^ + 2oio - 24aii. 

It is immediate to check that the rank of this family is 9. 

■ 

It follows from Lemma 12.31 that 14^2 (or rather a smooth projective birational model of 
W2) is rationally connected, since a Zariski open set of W2 is a P^-bundle over a Zariski 
open set 1?° of T> which is smooth and admits a rationally connected completion. Hence 
S Xb S is also rationally connected, as it is birationally equivalent to • ■ 

We get by application of Theorem 11.61 the following statement (cf. Theorem 10. 6^ : 

Corollary 2.4. The Campedelli surface S(a) has CHq equal to Z. 

Proof. Indeed, the surface S(a) has /i^'" = h^''^ = (cf. [TT]) which means equivalently 
that the surface S{o) introduced above has hf^^ = where "inv" means invariant under 
the Z/5Z-action, which by the above description is defined on S. The result is then a 
consequence of Theorem 11.61 applied to the projector iTinv onto the Z/5Z- invariant part, 
which shows that 

CHo(^{a)h,Horn = C^i^o (^(a) J_ = 
and from Roitman's theorem [24] which says that CiJo(S(a)) has no torsion. H 



Corollary 2.5. The Barlow surface S'(6) has CHq equal to Z. 

Proof. Indeed, the Barlow surface S'(fe) is a quotient of the Campedelli surface !](&) by 
an involution, hence Ci/o(S'(6)) ^ Ci/o(S(5)) since Ci?o(S'(5)) has no torsion by [21]. ■ 



3 On the Chow motive of complete intersections K3 sur- 
faces 

Let S* be a K3 surface. The Hodge structure on H'^{S,'Z) is a weight 2 polarized Hodge 
structure with /i^-" = 1. In I8j, Kuga and Satake construct an abelian variety K{S) 
associated to this Hodge structure. Its main property is the fact that there is a natural 
injective morphism of weight 2 Hodge structures : 

H^{S,Z) ^ H^{K{S),Z). 

Such a morphism of Hodge structures in turn provides, using Kiinneth decomposition 
and Poincarc duality a Hodge class 

as e Hdg4(5 X K{Sj) 

where Hdg^(X) denotes the space of rational Hodge classes on X. 
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This class is not known in general to satisfy the Hodge conjecture, that is, to be the class 
of an algebraic cycle. This is known to hold for Kummer surfaces (see [H]), and for some 
K3 surfaces with Picard number 16 (see [13]). The deformation theory of K3 surfaces, and 
more particularly the fact that any projective K3 surface deforms to a Kummer surface, 
combined with the global invariant cycle theorem of Deligne [12j imply the following result, 

(cf. my- 

Theorem 3.1. Let S be a projective K3 surface. There exist a connected quasi-projective 
variety B, a family of projective K3 surfaces S B, a family of abelian varieties K, B , 
(where all varieties are quasi-projective and all morphisms are smooth projective), and a 
Hodge class 

77eHdg4(5xB/C), 

such that : 

1. for some point to £ B, St^ S ; 

2. For any point t E B, ]Ct ~ K{St) o-nd rjt = ast ■ 

3. For some point ti G B, the class rjt^ is algebraic. 

Here by "Hodge class t?" , we mean that the class 77 comes from a Hodge class on some 
smooth projective compactification of 5 x s A^- 

The existence of the family is an algebraicity statement for the Kuga-Satake construction 
(see jl3|). which can then be done in family for KS surfaces with given polarization, while 
the last item follows from the fact that the locally complete such families always contain 
Kummer fibers 5" for which the class as' is known to be algebraic. 

Corollary 3.2. The Hodge class as is "motivated" . 

This means (cf. [5]) that this Hodge class can be constructed via algebraic correspon- 
dences from Hodge classes on auxiliary varieties, which are either algebraic or obtained by 
inverting Lefschetz operators. In particular the class as is algebraic if the standard Lefschetz 
conjecture holds. 

Corollary 3.3. Assume the variational form of the Hodge conjecture holds, or assume the 
Lefschetz standard conjecture in degrees 2 and 4. Then the class as is algebraic for any 
projective K3 surface S. 

Indeed, the variational Hodge conjecture states that in the situation of Theorem 13. 1[ if a 
Hodge class 77 on the total space has an algebraic restriction on one fiber, then its restriction 
to any fiber is algebraic. In our situation, it will be implied by the Lefschetz conjecture for 
degree 2 and degree 4 cohomology on a smooth projective compactification of x ^ AC. 

From now on, we assume that the Kuga-Satake correspondence as is algebraic for a 
general projective surface S of genus g (which means by definition that S comes equipped 
with an ample line bundle of self- intersection 2^ — 2). We view the class as as an injective 
morphism of Hodge structures 

as : H\S,Q) ^ H\K{S),Q) (16) 

and use a polarization h of K{S) to construct an inverse of as by the following lemma 
(which can be proved as well by the explicit description K{S) as a complex torus and its 
polarization, cf. [H]). In the following, H^{S,Q)tr denotes the transcendental cohomology 
of S, which is defined as the orthogonal complement of the Ncron-Scvcri group of S. 

Lemma 3.4. Let h = ci{H) G H'^{K{S),Q) be the class of an ample line bundle, where S 
is a very general A'3 surface of genus g. Then there exists a nonzero rational number Xg 
such that the endomorphism 

'as o (h^-'^U) o as : H^{S, Q) H'^{S, Q) 
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restricts to Xgid on H'^{S,Q)fr, where N = dunK{S) and 

is the transpose of the map as of il6\) with respect to Poincare duality. 

Proof. The composite *a5 o h^^'^ o as is an cndomorphism of the Hodge structure 
on H'^{S,'Q). As S is very general, this Hodge structure has only a one dimensional Q- 
vector space of algebraic classes, generated by the polarization, and its orthogonal is a 
simple Hodge structure with only the homotheties as endomorphisms. We conclude that 
*asoh^~'^ oas preserves H^{S, 'Q)tr and acts on it as an homothety with rational coefficient 
(which is thus independent of 5"). It just remains to show that it does not act as zero on 
H'^{S, Q)tr- This follows from the second Hodge-Riemmann bilinear relations which say that 
for Lo 6 H'^'°{S), a; 7^ 0, we have 

(w, *as{h^-^ U as{LJ)))s = {as{uj),h^-^ U as(w))if(s) 
which is > because as{uj) 7^ in H'^-^{K{S)). Hence *as{h^~'^ U as(aJ)) ^ 0. 

■ 

Wc now start from a rationally connected variety X of dimension n, with a vector bundle 
E of rank n — 2 on X, such that —Kx = det E and the following properties hold: 

(*) For general x, y G X , and for general a G H'^^X, E ®Tx ® ly), the zero locus V{a) 
is a smooth connected surface with irregularity (hence a smooth K3 surface). 

Let L be an ample line bundle on X , inducing a polarization of genus g on the K3 surface 
V{a) for aeB C F{H°{X,E)). 

Wc now prove: 

Theorem 3.5. Assume the Kuga-Satake correspondence as is algebraic, for the general K3 
smface S with such a polarization. Then, for any a £ B, the Chow motive of Sa is a direct 
summand of the motive of an abelian variety. 

Let us explain the precise meaning of this statement. The algebraicity of the Kuga-Satake 
correspondence combined with Lemma 13.41 implies that there is a codimcnsion 2 algebraic 
cycle 

Zs e CH^iS X K{S))q 
with the property that the cycle defined by 

Ts = *Zs o h^~^ oZse CH^iS X S)q 

has the property that its cohomology class [F] e H'^(S x S, Q) induces a nonzero homothety 

[F], = Xld : H^S, Q)tr ^ H\S, Q)tr, (17) 

which can be equivalently formulated as follows: Let us introduce the cycle As,tn which in 
the case of a K3 surface is canonically defined, by the formula 

As,tr = As-osxS-Sxos-J2 ^ ' (18) 

ij 

where Ag is the diagonal of S, 05 is the canonical 0-cyclc of degree 1 on S introduced in [B], 
the Ci form a basis of (Pic S)<E)Q = NS(S')q and the are the coefficients of the inverse of 
the matrix of the intersection form of S restricted to NS{S). This corrected diagonal cycle is 
a projector and it has the property that its action on cohomology is the orthogonal projector 
H*{S,Q) H'^{S,Q)tr- Formula (fT7|) says that we have the cohoniological equality 

[F o As,tr] - X[As,tr] m H\S x S, Q). (19) 

A more precise form of Theorem 13.51 says that we can get in fact such an equality at the 
level of Chow groups: 



14 



Theorem 3.6. Assume the Kuga-Satake correspondence as is algebraic, for a general 
surface with such a polarization. Then, for any a G B, there is an abelian variety A„, and 
cycles Z G CH'^{Sa x A„)i^, Z' G CH^' {A„ x Sa)^, N' = diuiA^, with the property that 

Z' oZo As,tr = XAs,tr (20) 

for a nonzero rational number A. 

The proof will use two preparatory lemmas. Let B C P{H'^{X, E)) be the open set 
parameterizing smooth surfaces 5^ = V{a) C X. Let n : S ^ B he the universal family, 
that is: 

S ^ {{a,x) e B X X, a{x) ^0}. (21) 
The first observation is the following; 

Lemma 3.7. Under assumption (*), the fibered self-product S S is rationally connected 
(or rather, admits a smooth projective rationally connected completion). 

Proof. From (f2T|) . we deduee that 

S XbS ^ {{a, x,y) e B X X X X, a{x) ^ cr{y) = 0}. (22) 

Hence S x g S is Zariski open in the following variety: 

W := {{a, X, y) G P(i7"(X, E)) x X x X, a{x) = a{y) = 0}. 

In particular, as it is irreducible, it is Zariski open in one irreducible component of W. 
Consider the projection on the two last factors: 

{p2,P3):W^XxX. 

Its fibers are projective spaces, so that there is only one "main" irreducible component 

of W dominating X x X and it admits a smooth rationally connected completion since 

X X X is rationally connected. 

Assumption (*) now tells us that at a general point of , the first projection pi : W ^ B 
is smooth of relative dimension 4. It follows that W is smooth at this point which belongs 
to both components and . Thus = and 5x^5 =birat admits a smooth 
rationally connected completion. ■ 

The next step is the following lemma: 

Lemma 3.8. Assume the Kuga-Satake correspondence as is algebraic for the general po- 
larized Ki surface of genus g. Then there exist a rational number X ^ 0, a family A ^ B of 
polarized N' -dimensional abelian varieties, with relative polarization C and a codimension 2 
cycle 

Z G CH^{S XBA)q 
such that for very general t G B, the cycle 

Ft ■.= 'ZtOCi{Ctf-^oZtoAtr.t 

satisfies: 

[rt] = \[Atr,t]eH\StxSuQ). (23) 

In this formula, the term ci{Ct)^ is defined as the self-correspondence of At which 
consists of the cycle ci(£t)^ ~^ supported on the diagonal of At- We also recall that the 
codimension 2-cycle Atr,t G CH^{St x St)q is the projector onto the transcendental part of 
the motive of St. The reason why the result is stated only for the very general point t is the 
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fact that due to the possible jump of the Picard group of St, the generic cycle Atr,ri does 
not specialize to the cycle At^,* at any closed point t G B, but only at the very general one. 
In fact, the statement is true at any point, but the cycle A^^ j has to be modified when the 
Picard group jumps. 

Proof of Lemma 13. 8L By our assumption, using the countability of relative Hilbcrt 
schemes and the existence of universal objects parameterized by them, there exist a generi- 
cally finite cover r : B' ^ B, a universal family of polarized abelian varieties 

JC B', Ck e Pic/C 

and a codimcnsion 2 cycle Z' G CH^{S' X-b' A^)q, where S' := S y.B B' , with the property 
that 

[Zt] = as, in H^iSt x Q) (24) 

for any t £ B' . Furthermore, by Lemma 13.41 we know that there exists a nonzero rational 
number Xg such that for any t 6 _B', we have 

'as, o (h^'-^U) o as, = Xgid : H^{St,Q)tr ^ H^{St,Q)tr, (25) 

where as before N is the dimension of K{St), and ht = ci{CK\Kt)- We now construct the 
following family of abelian varieties on B (or a Zariski open set of it) 

A - n 

t'er-i(t) 

with polarization given by 

Ct^ P^*A^K.t'), (26) 

where prf is the obvious projection from At = Y[t'er-'^{t) -^^t' to its factor K-f, and the 
following cycle Z G CH^{S Xb IC)q, with fiber at t G i? given by 

Zt^ J2 {Ids„prrrZ[.. (27) 
In the last formula, we use of course the identification 

It just remains to prove formula ([23]) . Combining ()26|) and (|27|) . we get, using again the 
notation ht = ci(£t) G iJ2(At,Q), hv = ci{Ckj') e H^{Kt',Q): 

( J2 [{prt',Ids,yCZ[,)Y)o{ Pr*tAht")r'~^yJo{ ^ {Ids,,prr^^Y[Z[,„]*)o^tr,t : 

t'£r-^(t) t"er-i(t) t"'er-i(t) 

H*{StM^H*{StM)- 

Note that N' ^ dim A = tl(''"^(i)) N = deg {B' / B) N. We develop the product above, and 
observe that the only nonzero terms appearing in this development come from by taking 
t' ~ t'" and putting the monomial 

pr*Aht')f-' yjf'^t' pr*t„iht"))'' 
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in the middle term. The other terms are due to the projection formula. Let us explain 
this in the case of only two summands i^i, K2 of dimension r with polarizations h, I2 and 
two cycles Zi S CH'^{S x Ki) giving rise to a cycle of the form 

{Ids,pri)*Zi + {Ids,pr2yZ2 G CH^-{S x Ki x K2), 

where the pr.i's are the projections from 5* x Ki x K2 to Kf. Then we have 

[(pri,/ds)**Zi]* o {h+l2f^-^ U o[{Ids.vr2TZ2]* = : H^{SM)tr ^ H\SMtr 

by the projection formula and for the same reason 

[[pnJdsT'Z,]* o [h + hf'-^ U o[{Ids,pr,rZ^]* 

= [{pn,idsr*z,]*o ^ (^''^^){iiii^-^-')uo[{ids,pnrz,r 



proj. formula \ V 



0<k<r 

2r -2 



dcg (?^) [Z{\* o f-' U o[*Zi]* : H'{S, <^)tr ^ H\S, Q)*,. 



We thus get (as the degrees deg [h^ ) of the polarizations hf on the abelian varieties ICf are 
all equal): 

[r*]* =Af(deg(/iiy))<i°s(^'/B)-i( ^ [*Z,',)]*)o/i^-2^o[Z,',]*)o^,,,, : 

t'Gr-i(t) 

i?*(5t,Q)^iJ*(5t,Q), 
where M is the multinomial coefficient appearing in front of the monomial x^^'^X2 ■ ■ ■ ^dog (B' /b) 
in the development of (a;i + . . . + a;dcg(B'/s))^'^°*^*-^'/'^^"^- 



By ([24]) and (|25j), we conclude that 

[r,]* = M(deg(/iiy))'i°s(i37B)-idcg(B7i3)Ag^,,,, : F*(5t,Q) ^ 

which proves formula ^ with A = A/(deg {h^,)Y''^ (B'/Bj-ijcg {B'/B)\g. ■ 

Proof of Theorem 13.61 Consider the cycle Z e CH^{S x b A)q of Lemma 1X51 and 
the cycle F G CH^{S x b S)q 

r:=AtrO*Zoci{C)'^'^^oZoAtr (28) 

where now ci(£) is the class of C in CH^{A) and wc denote by ci(£)^^^ the relative 
self-correspondence of A given by the cycle ci(£)^~^ supported on the relative diagonal 
of A over i? (it thus induces the intersection product with ci{£)^~^ on Chow groups). 
Furthermore the composition of correspondences is the relative composition over B, and 
Atr is the generic transcendental motive, (which is canonically defined in our case, at least 
after restricting to a Zariski open set of B) obtained as follows: Choose a 0-cyclc of degree 
1 on the generic geometric fiber S-jf and choose a basis Li, . . . , of Pic 5^. Wc have then the 
projector Aaig,ij £ CH'^{Sff)q defined as in (jlSp using the fact that the intersection pairing 
on the group of cycles < Off, Sff, Li > is nondcgcnerate. The transcendental projector Atr^rj 
is defined as A^- — Aaig^rj- This is a codimcnsion 2 cycle on Sfj x^r^Sjj but it comes from a 
cycle on S" x b" S" for some generically finite covers B" B, S" = S Xb B" , and the latter 
descends finally to a codimcnsion 2-cycle on 5 x^ 5, which one checks to be a multiple of 
a projector, at least over a Zariski open set of B. 
The cycle F satisfies (P^ . which we rewrite as 

[f;] =0inij4(5t x5t,Q), (29) 
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where T' := T - XAtr- 

Lemma [3.71 tells us that the fibered self-product S x S is rationally connected. We can 
thus apply Theorem 10. 31 and conclude that Fj € CH^{St x St)iQ is nilpotent. It follows that 
Tt ~ A Atr.t + Nt , where A ^ and Nt is a nilpotent cycle in St x St having the property 
that 

Atr,t O Nt = Nt O Atr^t ^ Nt. 

We conclude immediately from the standard inversion formula for AI + A^, with N nilpotent 
and A 7^ 0, that there exists a correspondence $t G CH^{St x St)(Q such that 

^toTt = Atr,t in CH^St x Sth- 

Recalling now formula ((28)) : 

Tt := Atr^t o o ci{Ct)^ o Zt o Atr,t, 

we proved ([20)) with 

Z' = <i>toAtr^to'ZtOCi{Ct)^'-^. 

■ 

Let us finish by explaining the following corollaries. They all follow from Kimura's 
theory of finite dimensionality and are a strong motivation to establish the Kuga-Satake 
correspondence at a Chow theoretic level rather than cohomological one. 

Corollary 3.9. With the same assumptions as in Theorem \3.5\ for any a £ B, any self- 
correspondence of So- which is homologous to is nilpotent. In particular, for any finite group 
action G on and any projector tt G Q[G], if H'^''^(SaY — 0; then CHQ{Sa-)q = 0. 

Proof. The first statement follows from Theorem l3.5I Kimura's work (cf. [17]) which says 
that abelian varieties have a finite dimensional motive and that for any finite dimensional 
motive, self-correspondences homologous to are nilpotent. 

In the case of a finite group action, we consider as in the previous section the self- 
correspondence F'^. It is nonnecessarily homologous to 0, but as it acts as on its 
class can be written as 

[rl = ^a.[C,] x [C;] in H\S, x 5„Q) 

i 

for some rational numbers ai and curves C^, Cj on Sa- Then we have 
[F- - ^a^C, X = in H\S^ x S„,Q), 

i 

from which we conclude by Kimura's theorem that the self-correspondence 
^ := F- - ^ a^a X q e CH^S^ x S^)q 

i 

is nilpotent. It follows that Z^ : CHo{Sa)Q.hom — ^ CHo{Sa)Q.hom is nilpotent. As it is equal 
to 

.horn riora ; 

which is the projector on CHo{Sc)q horm conclude that CHo{Scr)q ^om — ^■ 

m 

Corollary 3.10. With the same assumptions as in Theorem \3.5l the transcendental part of 
the Chow motive of any member of the family of K3 surfaces parameterized by ¥(H'^(X, E)) 
is indecomposable, that is, any submotive of it is either the whole motive or the 0-motive. 
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Proof. Recall that the transcendental motive of So- is <So- equipped with the projector 
TTtr defined in p8)) . Let now n 6 CH^{Scr x 5e)q be a projector of the transcendental motive 
of Sa, that is TT o TTtr = TTtr o TT = TT. Sincc /i^'°(S'cr) = 1, TT* acts either as or as Id on 
H'^'°{Sa)- In the first case, Ker (7r»)|jj2(5_Q)^^ is a sub-Hodge structure with (2, 0)-componcnt 
equal to H^'^{S). Its orthogonal complement is then contained in NS{Sa-)iQ which implies 
that TT, = on H^{S, Q)tr- In the second case, we find similarly that tt, ~ Id on H'^{S, Q)tr- 
Since tt = ntr o tt = tt o TTt^, it follows that tt* acts either by or as ntr on H*{S^ Q). Hence 
the cohomology class of either tt or irtr — tt is equal to 0, from which we conclude by theorem 
13.51 that TT or ntr — tt is nilpotent. As both are projectors, we find that tt = or ntr = in 
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